Abstract. In this note we study the conformal metrics of constant Q curvature on closed locally conformally flat manifolds. We prove that for a closed locally conformally flat manifold of dimension n ≥ 5 and with Poincarë exponent less than n−4 2 , the set of conformal metrics of positive constant Q and positive scalar curvature is compact in the C ∞ topology.
Introduction
Let (M, g) be a compact manifold without boundary of dimension higher than 4. Let n−2 g. The well-known Yamabe problem in conformal geometry is to find a metric, in a given class of conformal metrics, which is of constant scalar curvature, i.e. to solve
on a given manifold (M, g) for some positive function u and a constant Y . The affirmative resolution to the Yamabe problem was given in [Sc1] after other notable works [Ya] [Tr] [Au] .
Recently, there are more and more interests in using higher order partial differential equations in the study of conformal geometry, particularly after some successes in dimension 4 in [CY] (references therein). One major hurdle that stands in the way to this higher order approach is the lack of the maximum principles for the higher order partial differential equations like (1.3). One, for example, would like to say that a nonnegative solution w to (1.3) is necessarily positive, and therefore gives rise to a metric g w = w 4 n−4 g. In this note we consider closed locally conformally flat manifolds with positive Yamabe constant of dimension higher than 4. By work in [SY] , we know that such manifolds are all Kleinian in the sense that, there is a Kleinian group Γ such that (M, [g] ) is conformally equivalent to Ω(Γ)/Γ, where Ω(Γ) is set of ordinary points of the Kleinian group Γ on S n . The developing map is a conformal diffeomorphism from the universal coverM of M to Ω(Γ) ⊂ S n . The Kleinian group Γ is the so-called holonomy representation of the fundamental group of M . Hence we may turn to study solutions to
on a domainΩ ⊂ R n instead of solutions to the Paneitz-Branson equation (1.3) on M . Given a Kleinian group Γ, the so-called Poincaré exponent is defined as:
Inspired by the work of Wei and Xu in [WX] , where they managed to use some maximum principle and the moving plane method to classify all positive solutions to (1.6) on entire R n with Q(ĝ w ) a positive constant, we have . Then any nontrivial nonnegative solution to
on M with positive constant Q has to be strictly positive on M .
The assumption on Poincaré exponent gives us the integrability condition to use the idea from [WX] . We also adopt the nice and geometric use of the moving plane method of Schoen from [Sc2] and prove a local convexity result analogous to the one in [Sc2] . One key point is to use the Hopf maximum principle for elliptic systems instead (cf. [Q] ). Lemma 1.2. Let (Ω,g) be the universal cover of a closed manifold (M n , g) where
n−4 g 1 and g 1 is the standard round metric on S n . And suppose that Q[g] is a positive constant and that the scalar curvature R[g] is positive. Then any small round ball B ⊂ Ω ⊂ S n is geodesically convex with respect to the metricg.
Combining Lemma 1.2 in the above with the classification given in [WX] , we therefore derive our L ∞ estimate:
) be a closed locally conformally flat manifold of dimension greater than 4 with positive Yamabe constant. And suppose that (M, g) is not conformal to (S n , g 1 ).
Then there exists C > 0 such that, if g u = u 4 n−4 g is of positive scalar curvature and constant Q-curvature 1, then
Similar to the study of Yamabe problem, we consider
We will refer to P (M, [g]) as the Paneitz constant in this paper. Clearly the Paneitz constant P (M, [g] ) is a conformal invariant. As a consequence of Theorem 1.1 and Theorem 1.3 in the above, here is our main theorem:
) be a closed, locally conformally flat manifold of dimension n greater than 4 with positive Yamabe constant and Poincaré exponent less than n−4 2 . Suppose that (M, g) is not conformal to (S n , g 1 ) and that the Paneitz
is positive. Then the set of metrics conformal to g on M with positive scalar curvature and constant Q-curvature 1 is compact in C ∞ topology. That is, there exists C k > 0 for each k ∈ N such that, if g u = u 4 n−4 g is of positive scalar curvature and constant Q-curvature 1, then
We would like to mention that it was proven in [CHY] [G] that the Hausdorff dimension of the limit set of the Kleinian group associated with a closed, locally conformally flat manifold (M, g) of dimension higher than 4 with positive scalar curvature and positive σ 2 -curvature is less than n−4 2 , which in turn implies the Poincaré exponent is less than n−4 2 . σ 2 -curvature is the second symmetric function of the eigenvalues of Weyl-Schouten tensor R ij − 1 2(n−1) Rg ij . It is certainly conceivable that the positivity of both the Paneitz constant and Yamabe constant should imply the Poincaré exponent is less than n−4 2 . Finally we like to mention that after submission of this paper we learnt the announcement of Hebey and Robert [HR] , where they had obtained some results similar to the ones in this paper. One difference is that our compactness is for the metrics, while their compactness is for the nonnegative solutions. In other words, we have Theorem 1.1 and the positive lower bound in this paper. Our approach is to use the moving plane method to obtain the geodesic convexity of round balls and exclude the possibility of blow-ups, while the analysis in [HR] is based on the study of the asymptotic analytic behavior of solutions near the blow-up points and uses the strong positivity assumption on the Green function.
The organization of the note is as follows: in Section 2 we will recall more about Kleinian groups and works in [SY] to prove Theorem 1.1. In Section 3 we will adopt the moving plane approach from [Sc2] to prove Lemma 1.2. Finally in Section 4 we use the blow-up method to obtain L ∞ estimates and prove our main theorem.
Positivity of solutions to Paneitz-Branson equations
Suppose that (M n , g) is a closed locally conformally flat manifold with positive Yamabe constant. Then by works in [SY] we know that the developing map from the universal cover (M ,g) into (S n , g 1 ) is a conformal embedding, where g 1 is the standard round metric on S n . And the deck transformation group of the universal covering becomes a discrete subgroup of the group of conformal transformation of S n , which is called a Kleinian group. This Kleinian group Γ is said to be the holonomy representation of the fundamental group of M . The image of the developing map from the universal coverM is the set Ω(Γ) of ordinary points for the Kleinian group Γ, and (M, [g] ) is conformally equivalent to Ω(Γ)/Γ, which is called the Kleinian manifold associated with the group Γ. Therefore we may consider (Ω(Γ),g) as the universal cover for (M, g) andg =η 4 n−4 g 1 . Hence
(2.1)
Using stereographic projection
2 , and
n−4 g is another metric in [g] on M and φ : Ω(Γ) → M is the covering map, which is the composition of the developing map and the universal covering. Then
Due to the invariant property of the above equations, one may easily see that, for a nonnegative function v satisfying (2.7)
One very important quantity of a Kleinian group Γ is the so-called Poincaré exponent
Another very important quantity is the Hausdorff dimension d(Γ) of the limit set L(Γ). Due to a theorem of Patterson and Sullivan one knows that δ(Γ) = d(Γ) when Γ is geometrically finite. In our cases, the Kleinian group associated with a closed, locally conformally flat manifold of positive Yamabe constant is always geometrically finite (cf. [CQY2] ). Now we are ready to state and prove an interesting property of a Kleinian manifold.
. And suppose that v is a nonnegative function on
Proof. We need only to show that (2.11)
by the theorem of Patterson and Sullivan. Notice that, if we let F be a fundamental domain of Γ, (2.12)
Since γ is an isometry for g, we have (2.14)η
Hence (2.16)
Therefore
(2.17)
which is finite when the Poincaré exponent, δ(Γ) < n−4 2
. Thus the proof is completed. 
Proof. Notice that . And suppose that v is a smooth nonnegative function on M satisfying
Hence
for some positive constant Q. Then v > 0 on M if it is not identically zero.
Proof. Due to the homogeneity of the Paneitz-Branson equation, we may simply assume Q = 1 in the following. According to the above discussion, we have
If we can show that u ≥ 0 onΩ, then we easily see that v > 0 on M by the strong maximum principle. We will adopt the idea from the paper of Wei and Xu [WX] for the following argument.
Assume otherwise that u(0) = −∆w(0) < 0 ( assume 0 ∈Ω or after translation if necessary). Notice thatΩ = R n \ ψ −1 (L(Γ)) where ψ −1 (L(Γ)) is a compact subset of R n since ψ is a stereographic projection with respect to a point inside Ω(Γ). By the assumptions, w is smooth away from ψ −1 (L(Γ)). Let
denote the spherical average of the function f . Then
−∆w =ū at least for very small r and very large r. Let us solve the above equations as follows:
(2.23)
Therefore, by above corollary on the integrability, we conclude thatū is differentiable for all r, monotonically decreasing, and Now the idea is to iterate the above steps over and over. Let
Then (2.31)
We may calculate and obtain the following after k iterations,
To finish the proof we calculate
andw(r) goes to ∞ when k goes to ∞ for r > c 2 , where c 1 and c 2 are numbers independent of k, which creates contradiction.
Convexity
In this section we use the moving plane method to prove a convexity result that is similar to what Schoen obtained in [Sc2] . Suppose that (M, g) is a closed locally conformally flat manifold with positive Yamabe constant but not conformally equivalent to (S n , g 1 ). Suppose that the Kleinian group Γ is the holonomy representation of the fundamental group of M . Let Ω(Γ) be the set of ordinary points. Then we may assume (Ω(Γ),g) is a Riemannian universal cover for (M, g). Let us further assume that the Q-curvature of (M, g) is constant 1. Then, if letg = u 4 n−4 g 1 , where g 1 the standard round metric on S n , we have u > 0 and (3.1)
And in this case, we easily see that
Because, as a Riemannian universal cover for (M, g), (Ω(Γ), u 4 n−4 g 1 ) is complete. Using stereographic projection with respect to some point p 0 ∈ Ω(Γ)
we may work in the coordinates so that
where
which is equivalent to the system
We observe Lemma 3.1. Suppose (Ω, u 4 n−4 g 1 ) is the universal cover of (M, g). Then
In addition suppose that the scalar curvature for (M, g) is positive. Then
Proof. (3.6) is a direct consequence of (3.2). To prove (3.7) we simply notice that
Thus (3.7) holds.
Now we are ready to state and prove a convexity result.
Theorem 3.2. Suppose that (M n , g) is a closed locally conformally flat manifold of dimension higher than 4 which is not conformally equivalent to (S n , g 1 ). And suppose that the scalar curvature of (M, g) is positive and the Q-curvature of (M, g) is constant 1. Let (Ω(Γ),g) be the Riemannian universal cover for (M, g) associated with the developing map. Then any round ball B ⊂ Ω(Γ) ⊂ S n is geodesically convex with respect to the metricg.
Proof. Let B ⊂ Ω(Γ) be any round ball on S n . Let q ∈ ∂B be any given point on the sphere. Notice that the surface ∂B is umbilical with respect to the round metric as well as to the metricg sinceg is conformal to g 1 . We use stereographic projection ψ with respect to q to construct a coordinate system in which ∂B is the hyperplane at the origin, i.e. {x = (x 1 , x 2 , ·, x n ) ∈ R n : x n = 0}, and the x n -axis is in the direction of inward normal direction. Notice that we have that ψ −1 (L(Γ)) is located R n with x n < 0. Hence to prove convexity of B with respect to the metric g = v 4 n−4 g 0 is equivalent to showing that
We will adopt the approach from [Sc2] . Instead of the scalar curvature equation in [Sc2] , we consider the system of elliptic partial differential equations (3.5). First recall from (3.3) that
where u is a smooth function on Ω(Γ) ⊂ S n and therefore is smooth at ψ(∞) = q ∈ ∂B ⊂ Ω(Γ), thus we have the following expansion
where a 0 > 0. Hence
and (3.15) ∂w ∂x n = −2(n + 2)(n − 2)a 0 x n |x| −n + O(|x| −n−1 ).
Therefore there exist C 0 and C 1 such that (3.16)
In the following we will use the moving plane method to conclude (3.11) from (3.16). For Λ ∈ R, let (3.17) Σ Λ = {x ∈ R n : x n > Λ} and S Λ = {x ∈ R n : x n = Λ}.
We consider the reflection with respect to the hyperplane x n = Λ (3.18)
and define
Then it is easily seen that
Similar to the proofs of Lemma 4.1 and Lemma 4.2 in [GNN] one knows that there exists Λ 0 such that, for each Λ > Λ 0 ,
Because of Lemma 3.1. Now let (3.22) Λ * = inf{Λ : such that (3.21) holds}.
Clearly Λ * ≤ Λ 0 . Notice that, applying Hopf lemma for the elliptic system (cf. [Q] )
gives us
unless v Λ ≡ v which is possible only when the limit set L(Γ) is empty, i.e. (M, g) is conformally equivalent to (S n , g 1 ). Now, again similar to the proof of Lemma 4.4 in [GNN] , we conclude that Λ * must be negative and the hyperplane S Λ * should not be stopped before hitting the singular set ψ −1 (L(Γ)). Thus Λ * ≤ 0 and (3.11) holds.
L
∞ estimates and the proof of main theorem
In this section we first use the blow-up method to prove the L ∞ estimate for the conformal factor u, when g u = u 4 n−4 g is a metric of positive scalar curvature and constant Q-curvature 1. Then we use the positivity result Theorem 2.3 in the previous section to prove the L ∞ estimate for 1/u. Higher order estimates follow from standard estimates for linear elliptic partial differential equations.
Theorem 4.1. Suppose that (M, g) is a closed locally conformally flat manifold of dimension higher than 4 which is not conformally equivalent to (S n , g 1 ). Then there exists some constant C > 0 such that, if g u = u 4 n−4 g is a metric of positive scalar curvature and constant Q-curvature 1, then
Proof. Suppose otherwise we have a sequence of u i and a sequence of points p i on M such that (M, u 4 n−4 i g) has positive scalar curvature and Q-curvature equal to 1 and It is easily seen that there exists a δ > 0 such that
One may verify that
and 0 < v i ≤ 1. Then standard elliptic estimates allow us to pick up a subsequence v i k which converges to v in the C 4,α loc (R n ) topology, where
on R n and v ≥ 0. Because −∆v ≥ 0 on R n , which was proved in the proof of Theorem 3.1 in [WX] , and v(0) = 1, v is actually positive. By a classification theorems in [WX] , we know that (R n , v Then, by the previous theorem and standard elliptic theory, we may take a subsequence u i k , which converges to u ≥ 0 in C 4,α (M ), where 
